SUGGESTED SOLUTION TO HOMEWORK 6

JUNHAO ZHANG

Problem 1. Let {z,},>1 be a sequence in an inner product space. Show that
conditions ||z,| — ||z| and (z,,x) = (x,x) imply z,, — .

Proof. Since ||z,|| — ||z|| and (x,,x) — (x,x), therefore for arbitrary ¢ > 0, there
exists N1, Ny € N such that for n > Ny,

3 2
ol - 2l < mind Y25, 21
36l

and for n > Ny,
2

[n,2) = {2 2)] <
then for n > max{Ny, N2},
lzn — z||* =(xn — , 2, — x)
= (lanll = 2l)* + @llza 2]l = (2, x) = (2, 20))
< (laall = ll21)* + 2l - llzall = ll]l]
1@ 2) — (2,2} + [T 2 = ()

<e?,

which implies that z,, — x. ([l

Problem 2. Let x and y be linearly independent vectors in an inner product space
such that ||z|| = ||ly|| = 1. Show that

[tz + (1 —t)y|| <1, for0<t<1.
Proof. Since ||z|| = |ly|| = 1, then for 0 < ¢ < 1, by Cauchy inequality,
Jtw+ (1 — )yl =tz + (1 — )y, tx + (1 — t)y)
<t?[l]* + 2t(1 — t){w,y) + (1 = 1)?[yl?
<t2|al? + 2601 — &)z ly] + (1 — &)}y
<1,

where the equality holds if and only if  and y are linear dependent, therefore for
linearly independent vectors x and vy,

[tz + (1 — t)y|| < 1.

Problem 3. Prove that in an inner product space, x 1L y if and only if
[z + Ayll = [lz — Ayl
for all scalars A € F where F =R or C.
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Proof. =: Let x L y, then

<$, y> = 07
therefore for all A € F,

Iz + Ayl =v/{z + Ay, z + Ay)

=V (z,2) + Ay, Ay)

=V {x — Ay, — \y)

=llz = Ayl

<: Suppose for all A € F,
lz+ Myl = [lz = Ay,
then by Polarization indentities, if F = R,
() = 3 (lo+ 91 — o — ) =0,

if F=C,

1 . . . .
(w.y) = 7 (e +yl” = llo = yI” + e + iyl* — illz - iy[*) = 0.
Hence for either F = R or C, we have x L y.
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